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Abstract
Closed bosonic string theory on toroidal orbifolds is studied in a Lagrangian path
integral formulation. It is shown that a level one twisted WZW action whose field
value is restricted to Cartan subgroups of simply-laced Lie groups on a Riemann
surface is a natural and nontrivial extension of a first quantized action of string
theory on orbifolds with an antisymmetric background field.
1Address until Feb. 28, 1994 : LAPP, B.P. 110, Chemin de Bellevue, F-74941 Annecy-le-vieux,
France.
String theory on toroidal orbifolds [1] has been studied from both operator for-
malism and path integral formalism points of view. Some of the advantages of the
operator formalism are that the algebraic structure is clear and that it is possible
to formulate the theory without Lagrangians or actions. On the other hand, in the
Lagrangian path integral formalism the geometrical or topological structure is trans-
parent and the generalization to higher genus Riemann surfaces is obvious. The
interrelation between the two formalisms is not, however, trivial.
The purpose of this paper is to study toroidal orbifold models with nontrivial
twists in the Lagrangian path integral formalism and to clarify the topological struc-
ture of the orbifold models. In the operator formalism of closed bosonic string theory,
we can introduce a left- and right-moving coordinate (XIL, X
I
R). An orbifold is ob-
tained by dividing a torus by the action of a discrete symmetry group P of the
torus. Any element of P can in general be represented by a rotation U and a shift
v (for symmetric orbifolds) [1]. On the orbifold a point (XIL, X
I
R) is identified with
(U IJXJL +2piv
I , U IJXJR−2pivI) for all (U, v) ∈ P. If we wish to formulate the orbifold
model in the Lagrangian path integral formalism, the following two problems arise: In
the path integral formalism, a one-loop vacuum amplitude is given by the functional
integral [2], ∫
Σ
[dgαβ][dX
I ]
V
exp{−S[X, g]} , (1)
where gαβ is a metric of a Riemann surface Σ of genus one and X
I is a string coordi-
nate, which maps Σ into a target space. The V is a volume of local symmetry groups.
The action S[X, g] would be of the from,
S[X, g] =
∫ 1
0
d2σ
1
2pi
{√
ggαβ∂αX
I∂βX
I − iBIJεαβ∂αXI∂βXJ
}
, (2)
where BIJ is an antisymmetric constant background field, which has been introduced
by Narain, Sarmadi and Witten [3] to explain Narain torus compactification [4] in
the conventional approach. The first problem is that the BIJ -term in the action
(2) becomes ill-defined for twisted strings associated with twists U IJ which do not
commute with BIJ [5]. In ref.[6], orbifold models with such twists have been studied
in the operator formalism in detail. It has been shown that the orbifold models with
nonvanishing [B,U ] for some U exhibits various anomalous behavior. The analysis has
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suggested that those orbifold models are topologically quite different from orbifold
models with vanishing [B,U ] for all U. However, the topological structure has not
clearly been understood. The second problem is that a combination XI = 1
2
(XIL+X
I
R)
appears in the action (2) but a combination 1
2
(XIL − XIR) does not. Hence, it seems
that there is no way to impose the twisted boundary condition corresponding to the
identification (XIL, X
I
R) ∼ (U IJXJL + 2pivI , U IJXJR − 2pivI) unless vI = 0 or unless we
introduce new degrees of freedom corresponding to 1
2
(XIL − XIR) besides XI . In this
paper we shall propose a solution to the two problems and show that the action (2)
should be replaced by a WZW action for orbifold models with nontrivial twists.
Let us discuss the first problem mentioned above. To simplify our discussion, we
will consider orbifold models without shifts (v = 0). A D-dimensional torus TD is
defined by identifying a point {XI} with {XI + piwI} for all wI ∈ Λ, where Λ is a
D-dimensional lattice. An orbifold is obtained by dividing the torus by the action
of a discrete symmetry group P of the torus, i.e., a point {XI} is identified with
{U IJXJ + piwI} for all U ∈ P and w ∈ Λ on the orbifold. We will here call a twist
U topologically trivial (nontrivial) if [B,U ] = 0 ([B,U ] 6= 0).
Throughout this paper, we will restrict our attention to a class of the following
orbifolds: The lattice Λ is taken to be a root lattice ΛR(G) of a simply-laced Lie
algebra G with rank D and the squared length of the root vectors is normalized to
two. In this normalization the weight lattice ΛW (G) is just the dual lattice of ΛR(G).
The antisymmetric background field BIJ is given through the relation,
αIiB
IJαJj = α
I
iα
I
j mod 2 , (3)
where αi is a simple root of G 1. The rotation matrices U IJ are chosen to be au-
tomorphisms of ΛR(G). Then, we find that U IJ do not always commute with BIJ
and that they satisfy (B − UTBU)IJwJ ∈ 2ΛW (G) for all wI ∈ ΛR(G), which is a
necessary condition to construct consistent orbifold models in the operator formalism
[6]. We note that (twisted) affine Kacˇ-Moody algebras are realized in these orbifold
models through the Frenkel-Kacˇ-Segal mechanism [8]. Since strings propagate on the
1The above choice of Λ and BIJ leads to the (D + D)-dimensional Lorentzian even self-dual
lattices introduced by Englert and Neveu [7].
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orbifolds, the string coordinate in general satisfies the following twisted boundary
condition:
XI(σ1 + 1, σ2) = U IJXJ(σ1, σ2) + piwI ,
XI(σ1, σ2 + 1) = U˜ IJXJ(σ1, σ2) + piw˜I , (4)
for some U, U˜ ∈ P and w, w˜ ∈ Λ. The consistency of the above boundary condition
requires
[U, U˜ ] = 0 ,
(1− U˜)IJwJ = (1− U)IJ w˜J . (5)
One might expect that the action for the twisted string satisfying eq.(4) is given by
eq.(2). For trivial twists U and U˜ , i.e., [B,U ] = [B, U˜ ] = 0, this is true. For nontriv-
ial twists, the noncommutativity of BIJ and U IJ (or U˜ IJ ), however, causes trouble
because the BIJ -term in eq.(2) is not well-defined. We wish to find a generalization
of the BIJ-term, which must be well-defined even for nontrivial twists. Since the
BIJ -term is independent of the metric gαβ , the generalization of the B
IJ -term will
also be a topological term independent of gαβ. It seems that there is no such desired
term in two dimensions. A key observation to solve our problem is that the BIJ -term
can be rewritten as a “truncated” Wess-Zumino term modulo 2pii for strings on tori
[9]. According to the prescription of ref.[9], let us introduce a field φ(σ1, σ2) defined
by
φ(σ1, σ2) = exp
{
i2XI(σ1, σ2)HI
}
, (6)
where HI is a generator of the Cartan subalgebra of G and is normalized such that
Tr(HIHJ) = δIJ . We note that φ(σ1, σ2) is a mapping from Σ into the Cartan
subgroup of the group G, the algebra of which is G. It is easy to see that the first
term in eq.(2) can be rewritten as
− 1
8pi
∫ 1
0
d2σ
√
ggαβ Tr
(
φ−1∂αφ φ
−1∂βφ
)
. (7)
A Wess-Zumino term [10]-[13] at level one is given by 2
ΓWZ(φ˜) = − i
12pi
∫
M
Tr
(
φ˜−1dφ˜
)3
, (8)
2For some orbifold models, the Wess-Zumino term defined in eq.(8) might be modified to make
it well-defined [14]. We will not discuss this problem in this paper.
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where M is a three dimensional manifold whose boundary is Σ and φ is extended to a
mapping φ˜ from M into G with φ˜|Σ = φ. It has been shown in ref.[9] that for strings
on tori the Wess-Zumino term (8) is equivalent to the BIJ -term in eq. (2) modulo
2pii through the relation (6). We shall show that ΓWZ is just the term we wish to
find, i.e., ΓWZ is well-defined even for topologically nontrivial twisted strings and is
reduced to the BIJ -term for topologically trivial ones.
In order to determine what boundary condition we should impose on the field φ˜, let
us briefly review automorphisms of Lie algebras. Let G be a simply-laced Lie algebra.
We normalize the squared length of the root vectors to two. In the Cartan-Weyl
basis, the algebra G is given by
[HI , HJ ] = 0 ,
[HI , Eα] = αIEα ,
[Eα, Eβ] =

αIHI , for α+ β = 0 ,
ε(α, β)Eα+β , for α+ β = a root vector ,
0 , otherwise ,
(9)
where HI is a generator of the Cartan subalgebra and Eα is a step operator associ-
ated with the root vector α. By suitably choosing phases of the step operators, the
structure constant ε(α, β) may be given by [15]
ε(α, β) = exp
{
−ipi
2
αIBIJβJ
}
, (10)
where BIJ is defined in eq.(3). We consider automorphisms of the algebra G given by
τ(HI) = (UT )IJHJ ,
τ(Eα) = η(U ;α)EUα , (11)
where
η(U ;α) = exp
{
i
pi
2
αICIJU α
J
}
. (12)
The CIJU is a symmetric matrix defined through the relation,
αIiC
IJ
U α
J
j =
1
2
αIi (B − UTBU)IJαJj mod 2 . (13)
It should be noted that for nontrivial twists U , setting η(U ;α) equal to one is in-
compatible with the invariance of the structure constants under the automorphism
τ .
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Let us now return to our problem. We wish to find a boundary condition which
assures the single-valuedness of Tr(φ˜−1dφ˜)3 on M . Since φ˜−1dφ˜ is a one form with
values in the Lie algebra G and is equal to φ−1dφ on ∂M = Σ, Tr(φ˜−1dφ˜)3 will be
single-valued on M if φ˜−1dφ˜ obeys the following boundary condition:
φ˜−1dφ˜(t, σ1 + 1, σ2) = φ˜−1dφ˜(t, σ1, σ2)
∣∣∣ HI→(UT )IJHJ
Eα→η(U ;α)EUα
,
φ˜−1dφ˜(t, σ1, σ2 + 1) = φ˜−1dφ˜(t, σ1, σ2)
∣∣∣
HI→(U˜T )IJHJ
Eα→η(U˜ ;α)EU˜α
, (14)
where t, σ1 and σ2 are coordinates for M.
The Wess-Zumino term is independent of the metric gαβ and vanishes for any
infinitesimal variation, i.e.,
δΓWZ(φ˜) = − i
4pi
∫
Σ
Tr
(
φ−1δφ(φ−1dφ)2
)
= 0 . (15)
Thus, ΓWZ(φ˜) will depend only on the boundary condition (4). We may write the
Wess-Zumino term as ΓWZ = ΓWZ(U,w; U˜ , w˜). In the Lagrangian path integral
formulation, modular invariance is rather a trivial symmetry as long as the action (and
the measure) is well-defined on Σ. For orbifold models, modular transformations can
be reinterpreted as changes of boundary conditions. For example, the Wess-Zumino
term should satisfy
ΓWZ(U,w;UU˜, w˜ + U˜w) = ΓWZ(U,w; U˜ , w˜) mod 2pii ,
ΓWZ(U˜
T ,−U˜T w˜;U,w) = ΓWZ(U,w; U˜ , w˜) mod 2pii . (16)
The first (second) relation corresponds to the invariance under the modular transfor-
mation T : τ → τ + 1 (S : τ → −1/τ). In the following, we shall explicitly express
ΓWZ in terms of U,w, U˜ and w˜ and verify the relations (16). Furthermore, we will see
that the Wess-Zumino term can be reduced to the BIJ -term in eq.(2) if both U IJ and
U˜ IJ commute with BIJ . To this end, we will use the Polyakov-Wiegmann formula
[12],
ΓWZ(φ˜1φ˜2) = ΓWZ(φ˜1) + ΓWZ(φ˜2)− i
4pi
∫
Σ
Tr(φ−11 dφ1 φ2dφ
−1
2 ) . (17)
In terms of the zero modes, the formula (17) may be written as
ΓWZ(U,w1 + w2; U˜ , w˜1 + w˜2) = ΓWZ(U,w1; U˜ , w˜1) + ΓWZ(U,w2; U˜ , w˜2)
−ipi(wI1U IJ w˜J2 − w˜I1U˜ IJwJ2 ) mod 2pii. (18)
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Let us write ΓWZ into the form,
ΓWZ(U,w; U˜ , w˜) = i
pi
2
wICIJ
U˜
wJ + i
pi
2
w˜ICIJU w˜
J − ipi
2
w˜I(UTBU˜)IJwJ − ipi
2
w˜IBIJwJ
+∆Γ(U,w; U˜ , w˜) . (19)
Then, it turns out that ∆Γ would be of the form ∆Γ = −i2pi(wI v˜I − w˜IvI) modulo
2pii for some constant vectors vI and v˜I . These constant vectors are related to shifts.
Since we are considering orbifold models without shifts, we may have ∆Γ = 0. The
inclusion of shifts is also a topologically nontrivial problem. We will later discuss
orbifold models associated with shifts. It is not difficult to show that the Wess-
Zumino term (19) with ∆Γ = 0 satisfies the relations (16), as it should do, and that
the one-loop vacuum amplitude (1) exactly agrees with the result from the operator
formalism [6]. (See eq. (6.42) in ref.[6].) It is now clear that the orbifold models with
nontrivial twists are quite different from those with only trivial twists in a topological
point of view because the Wess-Zumino term can be reduced to the BIJ -term in eq.(2)
only if both U IJ and U˜ IJ commute with BIJ (then we may set CIJU = C
IJ
U˜
= 0). It is
worth pointing out that the antisymmetric background field BIJ and even the string
coordinate XI do not explicitly appear in the Wess-Zumino term.
We finally discuss orbifold models associated with shifts. In the construction of the
orbifold models in the path integral formalism, we might have trouble, as mentioned
before. It seems that there is no way to impose the twisted boundary condition
corresponding to the identification (XIL, X
I
R) ∼ (U IJXJL+2pivI , U IJXJR−2pivI) unless
we introduce new degrees of freedom corresponding to 1
2
(XIL −XIR) besides XI . One
way to introduce new degrees of freedom may be to double the degrees of freedom
and then to take the square root of the result, as done for asymmetric orbifolds [16].
Here we take another approach. Our proposal is again to replace the BIJ -term in eq.
(2) by the Wess-Zumino term. This time the twisted boundary condition (14) should
be replaced by
η(U ;α) −→ η(U, v;α) = exp
{
i
pi
2
αICIJU α
J − i2piαIvI
}
,
η(U˜ ;α) −→ η(U˜ , v˜;α) = exp
{
i
pi
2
αICIJ
U˜
αJ − i2piαI v˜I
}
. (20)
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Since the rotations are irrelevant to our present discussion, we will set U IJ = U˜ IJ =
δIJ for simplicity. Then, we can show that
ΓWZ(v, w; v˜, w˜) = −ipiw˜IBIJwJ − i2pi(wI v˜I − w˜IvI) mod 2pii . (21)
We shall first prove eq.(21) for G = SU(2) and then for any simply-laced Lie algebra
G. In the case of SU(2), the string coordinate X(σ1, σ2) propagates on a one dimen-
sional space, i.e., the maximal torus of the group manifold SU(2). The field φ defined
in eq.(6) may be given by a 2× 2 matrix,
φ(σ1, σ2) =
(
ei
√
2X(σ1,σ2) 0
0 e−i
√
2X(σ1,σ2)
)
, (22)
in the fundamental representation of SU(2). The X(σ1, σ2) satisfies the untwisted
boundary condition with w, w˜ ∈ √2Z. An extension from φ(σ1, σ2) to φ˜(t, σ1, σ2)
may be given by
φ˜(t, σ1, σ2) =
 f(t) ei√2X(σ1,σ2) −
√
1− f(t)2 e−i2
√
2Y (σ1,σ2)√
1− f(t)2 ei2
√
2Y (σ1,σ2) f(t) e−i
√
2X(σ1,σ2)
 , (23)
with f(1) = 1 and f(0) = 0. It turns out that φ˜(t, σ1, σ2) satisfies the desired
boundary condition if the function Y (σ1, σ2) satisfies
Y (σ1 + 1, σ2) = Y (σ1, σ2) + piv ,
Y (σ1, σ2 + 1) = Y (σ1, σ2) + piv˜ . (24)
We should notice that φ˜ in eq.(23) contains a new degree of freedom Y (σ1, σ2), which
will correspond to the variable 1
2
(XL − XR). It is easy to see that the ansatz (23)
leads to eq.(21). (The antisymmetric background field vanishes in one dimension.)
In order to extend the above result to any simply-laced Lie group G, let us first
write φ(σ1, σ2) into the form,
φ(σ1, σ2) = φ1(σ
1, σ2)φ2(σ
1, σ2) · · ·φD(σ1, σ2) , (25)
where
φi(σ
1, σ2) = exp
{
i2µi ·X(σ1, σ2)αi ·H
}
. (26)
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Here, µi (i = 1, ..., D) denotes the fundamental weights satisfying µi · αj = δij. An
extension from φ(σ1, σ2) to φ˜(t, σ1, σ2) may be of the form,
φ˜(t, σ1, σ2) = φ˜1(t, σ
1, σ2) φ˜2(t, σ
1, σ2) · · · φ˜D(t, σ1, σ2) . (27)
Noting that αi · H and E±αi form a SU(2) subgroup of G, we may assume that
φ˜i(t, σ
1, σ2) is restricted to the subgroup SU(2) whose generators consists of αi · H
and E±αi and that φ˜i(t, σ1, σ2) has a similar form to eq.(23). Using the Polyakov-
Wiegmann identity repeatedly, we find that
ΓWZ(φ˜) = ΓWZ(φ˜1φ˜2 · · · φ˜D)
=
D∑
i=1
ΓWZ(φ˜i)−
∑
i<j
i
4pi
∫
Σ
Tr(φ−1i dφi φjdφ
−1
j ) . (28)
The first sum is just a contribution from each of the SU(2) subgroups of G, and they
give rise to the term −i2pi(wI v˜I − w˜IvI) in equation (21), while the second term is a
kind of “interaction term”, and can be shown to give −ipiw˜IBIJwJ modulo 2pii. We
can then show that the one-loop vacuum amplitude agrees with the result from the
operator formalism.
We have found that the WZW action where the field φ˜ is restricted to the Cartan
subgroups of the simply-laced Lie groups on Σ, is a natural and nontrivial extension
of the string action (2). We have restricted our attention to the orbifold models
associated with the simply-laced Lie algebras. The problems addressed in this paper
may not, however, be peculiar to those models. This suggests that we might have a
generalized WZW action which is not associated with Lie algebras.
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